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We study all implementations of the S3 symmetry in the two Higgs doublet model with quarks,
consistent with non-zero quark masses and a Cabibbo-Kobayashi-Maskawa (CKM) matrix which is
not block diagonal. We study the impact of the various soft-breaking terms and vacuum expectation
values, and find an interesting relation between the mixing angles α and β. We also show that, in
this minimal setting, only two types of assignments are possible: either all field sectors are in singlets
or all field sectors have a doublet.
PACS numbers: 12.60.Fr, 14.80.Ec, 14.80.-j
I. INTRODUCTION
Since the discovery of a spin 0 particle at LHC [1, 2] a crucial task in particle physics has been the determination of
the number of such particles. In the Standard Model (SM), the existence of a single scalar doublet is a feature without
a strong theoretical justification. As a result, multi scalar models have been studied for a long time, in particular,
two Higgs doublet models (2HDM) [3, 4].
Because such models involve many new parameters, one may curtail their number by imposing extra symmetries.
The identification of all possible symmetries that may be imposed on the scalar potential of the 2HDM has been
performed in Refs. [5, 6]. In the notation of Ref. [6] they are: the Higgs family symmetries Z2, U(1), and U(2); and
the (generalized) CP symmetries CP1, CP2, and CP3. Some steps have been taken to extend this analysis into the
Yukawa sector. Ref. [7] identifies all implementations of abelian symmetries, showing that they allow for 34 distinct
matrix forms, while Ref. [8] shows that there is a single implementation of a generalized CP symmetry in both scalar
potential and Yukawa couplings which could be consistent with experiment. There is no classification of all possible
implementations on non-abelian symmetries in both scalar and quark Yukawa sectors. This is what we target here,
focusing on the simplest non-abelian group: S3.
There has been recent interest in specific implementations of S3 in the 2HDM [9, 10], and many articles extending
the 2HDM with extra scalar and/or fermion fields – see, for example, Refs. [11, 12]. In this article, we provide a
complete classification of all possible implementation of S3 in the 2HDM which are consistent with non-vanishing
quark masses and a CKM matrix which is not block-diagonal, as required by experiment.
In Section II we introduce the S3 representation we use, discussing in detail the features of the scalar potential
implied by each possible representation of the scalar fields, the possible soft-breaking terms, and the corresponding
vacuum expectation values (vev). In Section III we discuss all possible extensions of S3 into the Yukawa sector, and
in Section IV we draw our conclusions.
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2II. THE S3 SYMMETRY AND THE HIGGS POTENTIAL
S3 is the group of permutations of three objects and it has 6 elements and three irreducible representations; namely,
two singlets 1, 1′, and one doublet 2. The multiplication rules are
1⊗ any = any,
1
′ ⊗ 1′ = 1,
1
′ ⊗ 2 = 2, (1)
2⊗ 2 = 1⊕ 1′ ⊕ 2.
The representation 1 leaves the fields invariant, while fields in 1′ change their sign for odd permutations. Consider a
two Higgs doublet model (2HDM) with scalar fields Φ1 and Φ2.
We will denote Φ ∼ (1,1) when both scalars are in the singlet representation of S3. In this case we obtain the
generic scalar potential of the 2HDM, which may be written as [3, 4]
VH = m
2
11|Φ1|2 +m222|Φ2|2 −m212Φ†1Φ2 − (m212)∗ Φ†2Φ1
+
λ1
2
|Φ1|4 + λ2
2
|Φ2|4 + λ3|Φ1|2|Φ2|2 + λ4 (Φ†1Φ2) (Φ†2Φ1)
+
[
λ5
2
(Φ†1Φ2)
2 +
(
λ6|Φ1|2 + λ7|Φ2|2
)
(Φ†1Φ2) + h.c.
]
, (2)
where “h.c.” stands for the hermitian conjugate. Hermiticity implies that all couplings are real, except possibly m212,
λ5, λ6, and λ7. We will denote the vacuum expectation values (vevs) by v1/
√
2 and v2/
√
2, but we will omit the
√
2
in the text (though including it in actual calculations). Depending on the parameters of the potential, we may get
any values for (v1, v2), including the inert cases (v, 0) and (0, v).
If we choose the S3 representations as Φ ∼ (1,1′), then all terms odd in Φ2 must vanish, and we obtain the Z2
symmetric potential: m212 = λ6 = λ7 = 0. Usually, one includes also the terms in m
2
12, which break the symmetry, but
only softly. In this case, if arg(λ5) = 2 arg(m
2
12), then the phases can be removed. This is known as the real 2HDM
and the scalar sector preserves CP. One can have nonvanishing vevs (v1, v2), but the inert vevs (v, 0) and (0, v) are
only possible if m212 = 0. Alternatively, if arg(λ5) 6= 2 arg(m212), then the phases cannot be removed. This is known
as the complex 2HDM (C2HDM) and the scalar sector violates CP. In both models with softly broken Z2 symmetry,
the conditions for a bounded from below potential are [13]
λ1 > 0, λ2 > 0,
√
λ1λ2 > −λ3,
√
λ1λ2 > |λ5| − λ3 − λ4. (3)
We denote collectively by Φ ∼ s the two possibilities just discussed: Φ ∼ (1,1) and Φ ∼ (1,1′). Since the labels 1
and 2 are arbitrary, the case Φ ∼ (1′,1) is automatically included. Moreover, the scalar potential remains the most
general if one considers Φ ∼ (1′,1′) 1.
In order to describe how S3 acts on doublets we must choose a representation for the group. A suitable real basis
for the doublet representation of S3 is given by [14]
a =
(
1 0
0 −1
)
, b =
(
− 1
2
−
√
3
2√
3
2
− 1
2
)
. (4)
These matrices satisfy a2 = b3 = (ba)2 = 1, showing that they indeed generate the group S3. In S3, with the basis of
Eq. (4), the product of two doublets, x = (x1, x2)
⊺ and y = (y1, y2)
⊺, gives
(x⊗ y)1 = x1y1 + x2y2,
(x⊗ y)1′ = x1y2 − x2y1,
(x⊗ y)2 = (x2y2 − x1y1, x1y2 + x2y1)⊺. (5)
1 The Yukawa couplings do not; but one can always reduce this to Φ ∼ (1,1). For example, if the right-handed fermions are in singlet
representations of S3, one can change Φ ∼ (1′,1′) to Φ ∼ (1,1), by simultaneously changing the representation for the right-handed
fermions from 1 to 1′ and vice-versa.
3Similarly, the product of the doublet x with the singlet y′ of 1′ gives
(x ⊗ y′) = (−x2y′, x1y′)⊺. (6)
Let us consider two scalars Φ = (ϕ1, ϕ2)
⊺ which transform as a doublet under the real basis of Eq. (4). According
to Eq. (5), the relevant combinations of ϕ†iϕj are
|ϕ2|2 + |ϕ1|2,
ϕ†1ϕ2 − ϕ†2ϕ1,
(|ϕ2|2 − |ϕ1|2, ϕ†1ϕ2 + ϕ†2ϕ1)⊺, (7)
transforming, respectively, as 1, 1′, and 2. Thus, there is only one quadratic term in the potential, proportional to the
first line of Eq. (7). The quartic terms come from squaring the first two lines and from the singlet combination of two
doublets of the third line. Thus, the most general potential of a doublet of S3, consistent with the real representation
of Eq. (4) is:
VR = µ
(|ϕ2|2 + |ϕ1|2)+ d1 (|ϕ2|2 + |ϕ1|2)2 + d2 (ϕ†1ϕ2 − ϕ†2ϕ1)2
+ d3
[(|ϕ2|2 − |ϕ1|2)2 + (ϕ†1ϕ2 + ϕ†2ϕ1)2
]
. (8)
This coincides with the generic potential in Eq. (2), subject to the conditions
m211 = m
2
22, m
2
12 = 0, λ1 = λ2, λ5 = λ1 − λ3 − λ4, (9)
identified in Table I of Ref. [6] as the CP3 model.
We have studied how the scalars transform as doublets under S3 using the real representation in Eq. (4). But other
representations are possible. Imagine that the scalars Φ transform under a Higgs family symmetry S as
Φ→ ΦS = S Φ. (10)
If one chooses a different basis, with new scalars Φ′ given by
Φ′ = U Φ, (11)
then the specific form of the Higgs family symmetry in the new basis
Φ′ → Φ′S = S′Φ′ (12)
gets altered into
S′ = U S U †. (13)
As stressed by Ma [11], it is easier to work with a complex representation for S3, obtained with
U =
1√
2
(
1 i
1 −i
)
=⇒ U † = 1√
2
(
1 1
−i i
)
. (14)
Applying this to the matrices in Eq. (4), we obtain
aC =
(
0 1
1 0
)
, bC =
(
ω 0
0 ω2
)
, (15)
where aC interchanges the two fields and ω = e
2ipi/3 (ω3 = 1). We denote the fields in the complex basis by
Φ′ = φ = (φ1, φ2)⊺. In S3, with the basis of Eq. (15), the product of two doublets, x = (x1, x2)⊺ and y = (y1, y2)⊺,
gives [11]
(x⊗ y)1 = x1y2 + x2y1,
(x⊗ y)1′ = x1y2 − x2y1,
(x⊗ y)2 = (x2y2, x1y1)⊺. (16)
4Comparing Eqs. (5) and (16) we see the great advantage of the complex representation; the product of two doublets
becomes diagonal, as does the product of three doublets, which becomes simply 111 + 222. In some cases, such
as that discussed in subsection III A below, the Yukawa couplings of the quarks are off-diagonal when using the
real representation. However, one then has to diagonalize the mass matrices, realizing that this diagonalization is
performed by the same unitary transformations in the up and down sectors and, thus, that the CKM matrix coincides
with the unit matrix. The physics is easier to grasp in the complex representation, where some Yukawa couplings
become diagonal directly. In the complex representation, the product of the doublet x with the singlet y′ of 1′ gives
(x ⊗ y′) = (x1y′,−x2y′)⊺. (17)
When considering the hermitian conjugated fields there is a complication arising in the complex representation.
If (φ1, φ2) ∼ 2, then in the real representation (φ†1, φ†2) ∼ 2, but in the complex representation one has instead
(φ†2, φ
†
1) ∼ 2 [11]. Therefore, considering two scalars φ = (φ1, φ2)⊺ which transform as a doublet under the complex
basis of Eq. (15), the relevant combinations of φ†iφj according to Eq. (16) are
|φ2|2 + |φ1|2,
|φ2|2 − |φ1|2,
(φ†1φ2, φ
†
2φ1)
⊺, (18)
transforming, respectively, as 1, 1′, and 2. Thus, there is only one quadratic term in the potential, proportional to
the first line of Eq. (18). The quartic terms come from squaring the first two lines and from the singlet combination
of two doublets of the third line. Thus, the most general potential of a doublet of S3, consistent with the complex
representation of Eq. (15) is [12]:
VC = µ
2
1
(|φ2|2 + |φ1|2)+ 12ℓ1 (|φ2|2 + |φ1|2)2 + 12ℓ2 (|φ2|2 − |φ1|2)2
+ ℓ3(φ
†
1φ2)(φ
†
2φ1). (19)
This is the same as Eq. (8), through the transformation in Eqs. (11) and (14), with µ21 = µ, ℓ1 = 2d1, ℓ2 = −2d2, and
ℓ3 = 4d3. The potential obtained coincides with the generic potential in Eq. (2), subject to the conditions
m211 = m
2
22, m
2
12 = 0, λ1 = λ2, λ5 = 0, (20)
which may seem not to coincide with those in Eq. (9). However, they are the same conditions, but seen in different
basis. This had already been pointed out in Eqs. (104)-(106) of Ref. [6], where it is shown that the CP3 model can
also be obtained by imposing both U(1) and the so-called Π2 symmetry φ1 ↔ φ2 in the same basis. Ma and Melic
[12] also include in the potential a term which breaks S3 softly, while preserving the φ1 ↔ φ2 symmetry:
Vsoft = −µ22(φ†1φ2 + φ†2φ1). (21)
This term is needed since otherwise there would be a massless pseudoscalar. But, including it precludes the inert vevs
(v, 0) and (0, v).
We will now consider the potential V = VC + Vsoft. In terms of the new parameters, the bounded from below
conditions in Eq. (3) read
ℓ1 + ℓ2 > 0, ℓ1 > 0, 2ℓ1 + ℓ3 > 0. (22)
A convenient way to write the stationarity conditions is
0 = v2
∂V
∂v1
− v1 ∂V
∂v2
= (v21 − v22)
[
µ22 +
1
2
(2ℓ2 − ℓ3)v1v2
]
,
0 = v1
∂V
∂v1
− v2 ∂V
∂v2
= (v21 − v22)
[
µ21 +
1
2
(ℓ1 + ℓ2)v
2
]
, (23)
where v =
√
v21 + v
2
2 = 246 GeV. Ma and Melic [12] consider the vev (v, v), for which ∂V/∂v1 yields
µ21 = µ
2
2 − 14 (2ℓ1 + ℓ3)v2 (24)
5and the scalar masses
m2H± = 2µ
2
2 − 12ℓ3v2,
m2A = 2µ
2
2,
m2h =
1
2
(2ℓ1 + ℓ3)v
2,
m2H = 2µ
2
2 +
1
2
(2ℓ2 − ℓ3)v2, (25)
for the charged scalars (H±), the pseudoscalar (A), the light (h) and the heavy (H) CP even scalars, respectively.
We consider also the vev2 (v1, v2) with v1 6= v2. Then, µ21 and µ22 are found from Eqs. (23). We parametrize the
fields as
φ1 =
(
cβG
+ − sβH+
1√
2
[
v1 + ρ1 + i
(
cβG
0 − sβA
)]
)
,
φ2 =
(
sβG
+ + cβH
+
1√
2
[
v2 + ρ2 + i
(
sβG
0 + cβA
)]
)
, (26)
where G0 and G+ are the would-be Goldstone bosons,
v1 = v cβ , v2 = v sβ , (27)
and, thenceforth, cθ (sθ, tθ) represent the cosine (sine, tangent) of whatever angle θ is the subindex. The charged
scalar and pseudoscalar masses become
m2H± = −ℓ2v2, (28)
m2A = − 12 (2ℓ2 − ℓ3)v2, (29)
while the CP even scalar mass matrix is
Mn =
(
ℓ1v
2
1 +
1
2
ℓ3v
2
2 + ℓ2(v
2
1 − v22) 12 (2ℓ1 + ℓ3)v1v2
1
2
(2ℓ1 + ℓ3)v1v2 ℓ1v
2
2 +
1
2
ℓ3v
2
1 − ℓ2(v21 − v22)
)
. (30)
Its trace and determinant are
m2h +m
2
H = Tr (Mn) =
1
2
(2ℓ1 + ℓ3)v
2 (31)
m2hm
2
H = Det (Mn) = − 12 (ℓ1 + ℓ2)(2ℓ2 − ℓ3)(v21 − v22)2. (32)
Notice that, for negative ℓ2 such that −ℓ1 < ℓ2 < ℓ3/2, the requirement that squared masses are positive can be made
consistent with the bounded from below conditions in Eq. (22). Moreover, Eqs. (25) cannot be obtained as the limit
v1, v2 → v/
√
2 of Eqs. (28)-(32) – Eq. (32) would lead to a massless scalar; this is a singular case which must be
treated separately. Eqs. (28), (29), and (31) can be inverted, to yield ℓ1, ℓ2, and ℓ3 in terms of the physical masses:
ℓ1v
2 = m2h +m
2
H +m
2
H± −m2A,
ℓ2v
2 = −m2H± ,
ℓ3v
2 = 2(m2A −m2H±). (33)
Substituting into Eq. (32), we obtain
cos2 (2β) =
m2h m
2
H
m2A(m
2
h +m
2
H −m2A)
. (34)
The diagonalization of Mn is performed through the transformation(
Reφ01
Reφ02
)
=
(
ρ1
ρ2
)
=
(
cosα − sinα
sinα cosα
) (
H
h
)
. (35)
2 Recall that when the text refers to (v1, v2) what is really meant is 〈φ0k〉 = vk/
√
2 (k = 1, 2), and that this is what we use in the equations.
6We find
tan (2α) =
2ℓ1 + ℓ3
2ℓ1 + 4ℓ2 − ℓ3
2v1v2
v21 − v22
=
m2h +m
2
H
m2h +m
2
H − 2m2A
tan (2β). (36)
Using tan2 (2β) = 1/ cos2 (2β)− 1 and Eq. (34), one can write tan (2α) in terms of masses alone. In the real 2HDM,
the coupling of the lighter scalar to two vector bosons is given by ghV V = g
sm
hV V sin (β − α), where gsmhV V is the SM
coupling. Measurements of these couplings at LHC constrain β − α to lie very close to π/2 – the so-called alignment
limit. Through Eqs. (34) and (36), this places tight constraints on the masses of A and H . In the exact alignment
limit, we would be forced into mA = 0. Thus, in this case the pseudoscalar must be light, running into constraints
from both LEP and LHC. A full phenomenological analysis of this case is beyond the scope of this work.
We now turn to the S3 potential with the most general real soft violations of S3:
V = µ21
(|φ2|2 + |φ1|2)− µ22(φ†1φ2 + φ†2φ1)− µ23 (|φ2|2 − |φ1|2)
+ 1
2
ℓ1
(|φ2|2 + |φ1|2)2 + 12ℓ2 (|φ2|2 − |φ1|2)2 + ℓ3(φ†1φ2)(φ†2φ1). (37)
The stationarity conditions become
0 =
∂V
∂v1
= (µ21 + µ
2
3)v1 − µ22v2 + v12
(
ℓ1v
2 + ℓ2(v
2
1 − v22) + ℓ3v22
)
,
0 =
∂V
∂v2
= (µ21 − µ23)v2 − µ22v1 + v22
(
ℓ1v
2 − ℓ2(v21 − v22) + ℓ3v21
)
, (38)
and v1 = v2 is no longer a minimum. Although it is technically natural to have µ
2
3 small (since in the µ
2
3 = 0 limit the
potential gets an extra Z2 symmetry), in which case v1 ∼ v2, we will allow any value for µ23. Repeating the previous
steps, we find
m2H± = −ℓ2v2 − 2µ23 sec (2β), (39)
m2A = − 12
[
(2ℓ2 − ℓ3)v2 + 4µ23 sec (2β)
]
, (40)
T ≡ m2h +m2H = 12
[
(2ℓ1 + ℓ3)v
2 − 4µ23 sec (2β)
]
, (41)
D ≡ m2hm2H = −
v2
2
[
(2ℓ2 − ℓ3) cos (2β)
(
(ℓ1 + ℓ2)v
2 cos (2β) + 2µ23
)
+ 2(2ℓ1 + ℓ3)µ
2
3 sec (2β)
]
. (42)
Hence,
ℓ1v
2 = m2h +m
2
H +m
2
H± −m2A + 2µ23 sec (2β),
ℓ2v
2 = −m2H± − 2µ23 sec (2β),
ℓ3v
2 = 2(m2A −m2H±). (43)
These results reproduce the corresponding ones in the µ23 → 0 limit. Substituting into Eq. (42) yields
m2hm
2
H = m
2
A(m
2
h +m
2
H −m2A) cos2 (2β)
−2µ23(m2h +m2H) cos (2β) tan2 (2β)− 4(µ23)2 tan2 (2β), (44)
providing a complicated relation between µ3 and β. Also
tan (2α) =
m2h +m
2
H + 4µ
2
3 sec (2β)
m2h +m
2
H − 2m2A
tan (2β). (45)
Thus, for the potential of Eq. (37), the independent parameters may be taken as v2, β, m2h, m
2
H , m
2
A, and m
2
H± ; µ
2
3
is found from Eq. (44) and α from Eq. (45). Combining Eqs. (44) and (45), we find
D
c22β
= m2A(T −m2A) +
T 2
4
t22β −
(
T
2
−m2A
)2
t22α. (46)
Even in the exact alignment limit (β = α+π/2), this reduces to m2A(T−m2A) = D which has two solutions: m2A = m2h;
and the definitely allowed m2A = m
2
H , consistent with the decoupling limit.
7So far, we have considered only real parameters and vevs in the scalar sector. We now turn briefly to the possibility
that they are complex. Since the S3 symmetry forces λ5 = λ6 = λ7 = 0, one can only introduce phases via soft
breaking, by giving a phase χ to µ22 and changing in Eq. (37) the term
− µ22(φ†1φ2 + φ†2φ1)→ −µ22(eiχφ†1φ2 + e−iχφ†2φ1). (47)
The most general vev may be written as v1, v2e
iδ. Minimization with respect to δ,
0 =
∂V
∂δ
= µ22v1v2 sin (δ + χ), (48)
forces3 δ = −χ, while the other minimization conditions, in Eqs. (38) remain the same. Thus, we can only have
complex vevs with a complex soft-breaking term.
III. YUKAWA COUPLINGS
We now turn to the Yukawa couplings, following closely the notation of Ref. [15]:
− LY = q¯L(Γ1Φ1 + Γ2Φ2)nR + q¯L(∆1Φ˜1 +∆2Φ˜2)pR + h.c., (49)
where qL = (pL, nL)
⊺ is a vector in the 3-dimensional family space of left-handed doublets, and nR (pR) is a vector
in the 3-dimensional right-handed space of charge −1/3 (+2/3) quarks. The complex 3× 3 matrices Γ1, Γ2, ∆1, and
∆2 contain the Yukawa couplings. In general, these matrices are not diagonal. We denote by Uα (α = dL, dR, uL, uR)
the matrices taking the quarks into the mass basis:
nR = UdR dR, pR = UuR uR,
q¯L = (p¯L, n¯L) = (u¯L U
†
uL , d¯L U
†
dL
) = (u¯L V, d¯L)U
†
dL
, (50)
where V = U †uLUdL is the CKM matrix. The mass matrices become
diag(md,ms,mb) = Dd =
1√
2
U †dL [v1 Γ1 + v2Γ2]UdR ,
diag(mu,mc,mt) = Du =
1√
2
U †uL [v1∆1 + v2∆2]UuR , (51)
while eventual flavour changing neutral scalar interactions are controlled by
Nd =
1√
2
U †dL [−v2 Γ1 + v1Γ2]UdR ,
Nu =
1√
2
U †uL [−v2∆1 + v1∆2]UuR . (52)
In this section, we will absorb the 1/
√
2 in the definitions of the parameters in the Yukawa matrices, and work with
Yd = v1 Γ1 + v2Γ2, Yu = v1∆1 + v2∆2, (53)
and the hermitian matrices
Hd = YdY
†
d = UdL diag(m
2
d,m
2
s,m
2
b)U
†
dL
,
Hu = YuY
†
u = UuL diag(m
2
u,m
2
c ,m
2
t )U
†
uL . (54)
These matrices are diagonalized respectively by the matrices UdL and UuL , which must be found when fitting for the
CKM matrix. This step is not needed for CP violation, which may be found directly from [16]
J = Det(HdHu −HuHd), (55)
3 The other possibilities – µ2
2
= 0, or inert vacua v1 = 0 or v2 = 0 – will not be pursued here.
8in a basis independent fashion.
Henceforth, we use the complex representation. We recall that, for the corresponding entry of the Yukawa coupling
matrix to be non-vanishing, the Yukawa Lagrangian must be in the invariant singlet representation 1. We start by
assuming that the two scalar fields are in singlet representations, which we denoted before by Φ ∼ s. Thus, the
product of left-handed (qL) and right-handed (charge +2/3, pR, or charge −1/3, nR) fermions must also be in a
singlet representation. This can be achieved by two doublets or by two singlets. Since permutations of the three fields
in each sector do not lead to new structures for the Yukawa matrices, we will denote by f ∼ s (where f = qL, pR, nR)
the following independent possibilities for the fields in each of the three generations:
(1,1,1), (1,1,1′),
(1,1′,1′), (1′,1′,1′). (56)
Similarly, we will denote by f ∼ d the following independent possibilities for the fields in each of the three generations:
(2,1), (2,1′). (57)
Let us now consider the possibility that the two scalar fields are in the doublet representation of S3, which we
denoted before by Φ ∼ 2. Thus, the product of left-handed (qL) and right-handed (charge +2/3, pR, or charge −1/3,
nR) fermions must also be in a doublet representation. But this can be achieved by having both quark fields in
doublets, or by having one in a doublet and another in a singlet. The possibilities for the various representations are
listed in Table I. The first case (with all fields in singlets), reduces to the analysis of Z2 and has been discussed in
Φ q¯L nR pR
s s s s
s d d d
2 d d d
2 d s d
2 d d s
2 d s s
2 s d d
TABLE I: Possible representations for the scalar fields (Φ), the left-handed quark SU(2)L doublets (qL), and the right-handed
quark SU(2)L singlets (pR and nR).
detail in Ref. [7], where are possible implementations with abelian groups are presented.
A. Example 1: Φ in singlet; fermions in doublets
As a specific example, let us consider the possibility
Φ ∼ (1,1′), q¯L ∼ (2,1), nR ∼ (2,1), pR ∼ (2,1). (58)
Because Φ is in a singlet, the product of fermions (left and right) must also be in a singlet. Using q¯L in the doublet,
the product of two doublets q¯LnR in 2⊗ 2 is(
q¯L1
q¯L2
)
⊗
(
nR1
nR2
)∣∣∣∣∣
1,1′
= q¯L1nR2 ± q¯L2nR1. (59)
Thus, the products with the scalars into a singlet are4
Φ1 (q¯L1nR2 + q¯L2nR1) , (60)
Φ2 (q¯L1nR2 − q¯L2nR1) . (61)
4 We will often show the product of fields in the order that highlights the S3 properties, even if it violates the correct SU(2)L order of
q¯LΦfR.
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Φ1q¯L3nR3. (62)
Multiplying Eqs. (60), (61), and (62) by complex coefficients a, b, and c, respectively, we find
Yd =

 0 av1 + bv2 0av1 − bv2 0 0
0 0 cv1

 =

 0 1 01 0 0
0 0 1



 av1 − bv2 0 00 av1 + bv2 0
0 0 cv1

 . (63)
This corresponds to the charged lepton sector of the model discussed in Refs. [9, 10], where neutrino mixing was
not considered. We notice that the matrix in Eq. (63) is block diagonal. For the same reason, so would be the
corresponding matrix for the up quarks, leading to a block diagonal CKM matrix, in contradiction with experiment.
Thus, these S3 assignments cannot be used for the quarks
5. Because Φ is in a singlet and only one generation of
quarks in each sector is in a singlet, this block-diagonal problem remains, regardless of the assignments of such singlets
to 1 or 1′. Thus, we conclude that the case on the second line of Table I, cannot be implemented in the quark sector.
B. Example 2: doublets in all sectors
We now turn to
Φ ∼ 2, q¯L ∼ (2,1), nR ∼ (2,1), pR ∼ (2,1). (64)
Because Φ is in a doublet, the product of fermions (left and right) must also be in a doublet. Using q¯L in the doublet,
the product of two doublets q¯LnR in 2⊗ 2 is(
q¯L1
q¯L2
)
⊗
(
nR1
nR2
)∣∣∣∣∣
2
=
(
q¯L2nR2
q¯L1nR1
)
. (65)
The product with the scalar doublet into a singlet is(
Φ1
Φ2
)
⊗
(
q¯L2 nR2
q¯L1 nR1
)∣∣∣∣∣
1
= Φ1q¯L1nR1 +Φ2q¯L2nR2, (66)
as mentioned after Eq. (16). For a nR3 in a singlet, we find(
Φ1
Φ2
)
⊗
(
q¯L1
q¯L2
)∣∣∣∣∣
1
⊗ nR3 = Φ1q¯L2nR3 +Φ2q¯L1nR3. (67)
Finally, for a q¯L3 in a singlet, we find
q¯L3 ⊗
(
Φ1
Φ2
)
⊗
(
nR1
nR2
)∣∣∣∣∣
1
= Φ1q¯L3nR2 +Φ2q¯L3nR1. (68)
Since Φ is in the doublet, dL and nR cannot be simultaneously in the singlet. Thus, multiplying Eqs. (66), (67), and
(68) by complex coefficients a, b, and c, respectively, we find
Yd =

 av1 0 bv20 av2 bv1
cv2 cv1 0

 . (69)
5 In Refs. [9, 10] this problem is solved by keeping all quark fields in singlets; moreover, with the same assignment (1 or 1′) for all
generations within each sector. This reduces the quark sector to the usual Z2 cases.
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The matrix for the up quarks is easily found by noting that the doublet (Φ1,Φ2)
⊺ gets substituted by (Φ˜2, Φ˜1)
⊺,
corresponding to a v1 ↔ v∗2 change. We find
Yu =

 xv
∗
2 0 yv
∗
1
0 xv∗1 yv
∗
2
zv∗1 zv
∗
2 0

 , (70)
with complex coefficients x, y, and z. Besides v and tanβ, the matrices involve 6 complex coefficients, which might
conceivably fit the ten known data: the 6 quark masses and the 4 parameters in the CKM matrix. We have used
Eqs. (54) to check that we can generate all masses different and nonzero, and Eq. (55) to show that we can generate a
nonzero CP violating phase. We note that J 6= 0 even if one takes the vevs to be real, implying that this model does
not coincide with the CP3 model with quarks presented in Ref. [8], where a complex vev was needed in order to get
a non-vanishing J . This a further illustration of a sometimes unappreciated point: two symmetries which lead to the
same scalar potential, may lead to very different models when extended into the Yukawa sector. A complete analysis
of each model is beyond the scope of this work. We are interested here in mapping all possibilities consistent with S3
which do not lead necessarily into vanishing and/or degenerate masses, or to the absence of CP violation.
We must now turn to the possibility that some among q¯L3, nL3, and/or pL3 are in a 1
′. Using ηα = +1 when the
corresponding field is in 1, and ηα = −1 when the corresponding field is in 1′, we find
Yd =

 av1 0 ηdbv20 av2 bv1
ηqcv2 cv1 0

 ,
Yu =

 xv
∗
2 0 ηuyv
∗
1
0 xv∗1 yv
∗
2
ηqzv
∗
1 zv
∗
2 0

 . (71)
These are all forms consistent with the assignments on the third line of Table I.
C. Example 3: singlet only on right-handed sectors
Let us consider
Φ ∼ 2, q¯L ∼ (2,1), nR ∼ s, pR ∼ (2,1). (72)
Because Φ is in a doublet, the product of fermions (left and right) must also be in a doublet. Since q¯L3 and all nR
are in a singlet, the last line of the matrix Yd vanishes. But this implies that the matrix Hd only has non-vanishing
entries in the (1, 2) sector, leading to a massless down quark. Similarly,
Φ ∼ 2, q¯L ∼ (2,1), nR ∼ (2,1), pR ∼ s, (73)
leads to a massless up quark. A combination of both problems occurs in
Φ ∼ 2, q¯L ∼ (2,1), nR ∼ s, pR ∼ s, (74)
Thus, under the conditions considered in this paper of S3 in a 2HDM, these three cases are ruled out.
D. Example 4: singlet only on left-handed sector
The last case to be considered is
Φ ∼ 2, q¯L ∼ s, nR ∼ (2,1), pR ∼ (2,1). (75)
Because Φ is in a doublet, the product of fermions (left and right) must also be in a doublet. Since all q¯L and nR3 are
in a singlet, the last column of the matrix Yd vanishes. But this implies that the matrix Y
†
d Yd (which has the same
eigenvalues as Hd) only has non-vanishing entries in the (1, 2) sector, leading to a massless down quark. Thus, this
case is also ruled out.
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E. Flavour-changing Higgs couplings
Here, we comment briefly on the appearance of Flavour Changing Neutral Scalar Interactions (FCNSI). As is well
known, large FCNSI with small scalar masses are precluded by measurements in the neutral meson systems. There
are several ways to solve this problem. One route is to endow the heavy neutral states with large masses. This is
achieved in the decoupling limit, with the added bonus that it implies the alignment limit β ∼ α + π/2, which is
necessary to conform with the LHC measurements of the 125 GeV scalar. Since this is always a possibility, FCNSI
cannot be used to exclude models from the realm of possibilities.
A second route, introduced by Glashow and Weinberg [17] and independently by Paschos [18], is to impose a Z2
symmetry under which all fields of equal charge transform equally, thus implying vanishing FCNSI. Neglecting right-
handed neutrinos, there are only four such possibilities – for a review, see, for example, Refs. [3, 4]. When all fields
are in S3 singlets, the situation reduces to Z2. When all fields of equal charge transform equally, there are no FCNSI.
The cases where some fields of equal charge transform differently were discussed in Ref. [7] and do lead to FCNSI.
Similarly, when there are S3 doublets in all sectors, we do have FCNSI.
A third route is that the FCNSI are accidentally small. This may be theoretically displeasing, but cannot be
excluded. A fourth route, discussed by Branco, Lavoura, and Grimus (BGL), is that the FCNSI are small because
they are related with the CKM matrix elements [19]. We have checked that the models with S3 doublets in all sectors
are not of the BGL type [20].
IV. CONCLUSIONS
We study all representation assignments of S3 in the 2HDM with quarks, consistent with the basis requirements
of non-vanishing, non-degenerate masses, non-block diagonal CKM matrix and the presence of a CP violating phase.
We found that there are only two implementations consistent with this simple requirements: all fields are in singlets
or, else, all fields sectors have a doublet representation.
When the scalars are in an S3 doublet, one must introduce soft-breaking terms. Even with the most general real
soft-breaking term, there is a relation between α and β, shown in Eq. (46). As far as we know, this is a new result.
Finally, we point out that the viable models with doublet representations are not of the BGL type [19], where the
flavour changing scalar interactions are naturally small because they are related to the CKM matrix elements [20].
It was shown in Ref. [7] that the only models based on abelian symmetries which have this property are of the type
introduced originally in Ref. [19]. We now know that the non-abelian S3 group does not provide a further example of
a BGL model.
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